Abstract. In this paper we study dual bases functions in subspaces. These are bases which are dual to functionals on larger linear space. Our goal is construct and derive properties of certain bases obtained from the construction, with primary focus on polynomial spaces in B-form. When they exist, our bases are always affine (not convex), and we define a symmetric configuration that converges to Lagrange polynomial bases. Because of affineness of our bases, we are able to derive certain approximation theoretic results involving quasi-interpolation and a Bernstein-type operator.
Introduction
Let X be a finite dimensional vector spaces (of dimension n). Of fundamental importance is the basis. There are various reasons to choose a particular basis, and each basis has advantages and disadvantages. Often it is the action of certain functionals that lends importance to a particular basis. For example, the Lagrange basis is important because it is dual to point evaluation. In general, any basis Φ n = [Φ 1 , . . . , Φ n ] for X has a dual map Λ n = [λ 1 , . . . , λ n ] for X * satisfying λ i Φ j = δ ij . That is, Λ nT Φ n = I, the identity matrix. Conversely, any basis Λ n ⊂ X * is dual to some basis Φ n of X. It is the dual map Λ n that extracts information from the functions that is of particular interest here, which arguably plays a more prominent role than the basis Φ n itself. This process allows one to consider the information we are trying to capture as our primary goal.
The above concepts are well-known and well-studied. In this paper, we are interested in investigating bases for subspaces Y of X that are dual to subsets of the functionals in the map Λ n . For example, suppose that Λ n = [λ 1 , . . . , λ n ] are linearly independent on the n-dimensional space X, and Y is an m-dimensional subspace of X with m < n. Then, given an injective map s : In this paper we consider the action of subsets of functionals for certain basis on subspaces of the original space. This allows us to view how the subspace looks according to information on the whole space. In some sense, we are addressing the question "how do you approximate with less (or not enough) information?" But it is not always possible to construct such bases, because the functionals are not always linearly independent on the subspace. . As we will see in this paper, the situation is different in the Bernstein basis.
It is the objective of this paper to determine if dual bases exist for certain subspaces of polynomial spaces, and if so to compute and characterize these bases, and then determine their properties. In particular, we show that in the Bernstein basis for $ n , any m+1-selection of the dual functionals are linearly independent on $ m . Moreover, by choosing a particular symmetric choice of the functionals, we show that the corresponding dual basis converge to the Lagrange polynomial basis. Later, we derive certain approximation results concerning quasi-interpolation and a Bernstein-type operator.
Dual Bases in Subspaces Y of X
As defined above, X is a vector space of dimension n with basis Φ n and dual map Λ n , and Y a subspace of X of dimension m, m < n, with basis Φ m . For y ∈ Y ⊂ X, we have y = Φ m α = Φ n β for some coefficient sequences α ∈ R m and β ∈ R n . Applying the dual basis, we have
Hence, β = Eα with E := Λ nT Φ m . The matrix E embeds the coefficients α of y in the basis for Y to it's coefficients in the basis for X. By inclusion of Y into X, we can construct the embedding
And since Φ m α = φ n Eα for all α ∈ R m , it follows that Φ m = Φ n E. All said, this can be visualized as in the following commutative diagram.
Moreover, we note that
Therefore, Λ n = Λ m E T . Hence, we have the following result concerning the action of Λ n on a subspace Y of X.
with E = Λ nT Φ m , and the bases transform as
Further, the dual basis for X * map to the dual basis for Y * by the map
Since Λ n ⊂ X * ⊂ Y * , the functionals λ n i ∈ X * are also functionals on Y . But since dim Y < #Λ n , the functionals in Λ n cannot be linearly independent on Y . However, since
. Therefore, we can trim Λ n to a basis for Y * by removing inessential vectors (this is a standard construction, c.f. [5] ). This leaves an m-subvector Λ n (s) of Λ n that is linearly independent on Y , where s is an injective map s : [1 : m] → [1 : n] (which we call a selection map). Then, with I the n × n identity matrix, we have
Therefore, an m-subvector Λ n (s) of Λ n is linearly independent on Y iff E(s, :) is invertible. Moreover, when E(s, :) is invertible, the basis of Y = Ran(Φ m ) that is dual to Λ n (s) is Φ m E(s, :) −1 , as follows by computing the change of basis Φ m → Φ m A:
Hence, the basis of Y that is dual to Λ n (s) is D m := Φ m E(s, :) −1 . The following summarizes the above statements:
(1) Λ n E is linearly independent on Y and of length m (hence a basis for Y * ).
(2) There exist (at least one) selections Λ n (s) of Λ n linearly independent on Y . Sometimes only one selection is linearly independent, and sometimes all selections are linearly independent (this is of particular interest later in this paper).
Additional Properties of Dual Bases in Subspaces
In this section we state definitions and properties useful for certain constructions that we consider in the subsequent sections. Firstly, by Proposition 2.2, there always exists some s such that Λ n (s) is linearly independent on Y , and in this case we have the basis
However, this may or may not be true for all s. Hence, we give the following definition to make this distinction. Definition 3.1. We say the embedding of (Y,
m be the space of polynomials of degree at most m, and let X = $ n be the space of polynomials of degree at most n.
(1) Let Φ m and Φ n be power basis for $ m and $ n . Then, the embedding is not complete. Moreover,
m and Φ n be Bernstein bases for $ m and $ n , respectively. Then, the embedding is complete.
Proof. Part (2) is non-trivial, and will be proved later in this paper. For part (1) , recall that the power basis The next properties are characteristic of Bernstein bases, which we consider later in this paper. (1) Let Φ n be a basis of finite-dimensional function space. We say Φ n is affine on S if Φ n (t)α is an affine combination of α for all t ∈ S. That is, i Φ n i (t) = 1 for all t ∈ S. If it holds for all t ∈ dom(Φ n ), then we say Φ n is affine. (2) Let E be a (real) matrix. We say E is row affine if j E(i, j) = 1 for all i, and column affine if i E(i, j) = 1 for all j.
Lemma 3.4.
(1) Matrix inversion preserves the property row-affine. That is, the inverse of an invertible row-affine matrix is row-affine. (2) Matrix multiplication preserves the property row-affine. That is, the product of two rowaffine matrices is row-affine.
Proof. For the first result, let A be an n × n invertible row-affine matrix. Then
For the second result, assume C = AB with A and B row-affine of dimensions m × n and n × p, respectively. Then, C is of dimension m × p, and
Theorem 3.5. Let Φ m and Φ n be affine bases of Y and X, respectively, with Y a subspace of X.
exists and is affine.
Proof. For (1), it follows by affineness of the two bases that
This establishes (1).
For (2), we recall that
) is row affine, and by Lemma 3, A := (E(s, :)) −1 is row affine as well. Therefore,
And so D m is an affine basis:
These results regarding affine bases will concern the Bernstein basis, which we investigate in the remaining sections, and in particular we show that dual bases are affine. We remark here that the same is not true of convexity. That is, the dual bases constructed are not convex. Indeed, matrix inversion does not preserve convexity, as it does affineness. Morever, as it turns out, certain approximation properties do not actually require convexity. I.e., affineness is enough. Hence, our dual bases D m will enjoy many of the same properties as B m do, in the Bernstein-basis setting, just not convexity.
In our construction we derive dual bases in terms of data maps that are dual on a large space. However, it is possible to have different data maps that are both dual to the same bases. T Φ =Λ T Φ = I. However, even with different data maps, dual bases are the same, as shown next. This idea is important in constructing approximation operators where some data maps may apply and not others. More to the point, we will derive dual basis in this paper with respect to dual data maps that involve differentiation, hence do not apply on C([0, 1]). In the last section of this paper, we define new data maps that do not involve differentiation to derive certain properties of approximation operators on C([0, 1]). Proposition 3.6. Let Λ n andΛ n be data maps on X both dual to the basis Φ n . Then both maps are equivalent on X, and the dual bases in a subspace Y are invariant of which dual map is used. That is, if D m andD m are bases for the subspace Y that are dual to Φ m with respect to the selection s and data maps Λ n andΛ n , respectively. Then,
Proof. To show that Λ n andΛ n are equivalent on X, let f = Φ n α ∈ X. Then, since both maps are dual to Φ n , we have
Therefore, I = Λ nT (s)D m = E(s, :)A, and so A = E(s, :) −1 , which is depends only on the embedding E and not the data map Λ n . Hence, ifÃ is the transformation matrix forΛ n , thenÃ = A, and so
4. Dual Bernstein Bases in the subspace $ m of $ n Let $ n be the space of polynomials of degree at most n and $ m the subspace of polynomials of degree at most m, for m < n. In this section we derive bases for $ m that are dual to subsets of the dual Bernstein functionals on $ n . We begin with some basic formulas involving Bernstein polynomials that will be used.
• Bernstein basis for $ n : • Degree Elevation of Bernstein Basis (See [1, 6] ): B m = B n E with E the (n + 1) × (m + 1) matrix with entries
• Dual Bernstein Functionals:
Therefore, λ 
Hence, in the context of this paper, we have the following: Theorem 4.1. Let B m be the Bernstein basis for $ m , and let B n be the Bernstein basis for $ n with dual map Λ n given above, m ≤ n. Let E be the degree elevation matrix. Then,
Proof. For (1), we need to show that Λ n (s) is linearly independent on $ m for any selection s : [0 : m] → [0 : n]. The conversion from between the power basis P n and Bernstein basis B n for $ n can be expressed
: j = 0 : n]) and T n Pascal's (lower triangular) matrix
This follows directly from the identity
(see [6] , section 2.8, for a short proof). Let
In [3] it was shown that the truncated Pascal matrix T n (s,
In the case m = n, there is only one selection s = [1 : n], and so Λ n (s) = Λ n . Hence, E(s, :) = E is the identity matrix, and
Since, as is well known, B m and B n are affine bases, the next result follows directly from Theorem 3.5. Instead, we give a more direct proof below using properties of the degree elevation matrix E. The next property is a generalization of the following property of Bernstein polynomials:
for all x, with ξ (
Proof. Recall that the Bernstein functions on $ n can be represented
In particular, λ n 0 x = δ 0 x = 0. For k > 0, the sum of the terms for λ n k x are zero except when j = 1. Hence,
Therefore, Λ nT x = ξ n . From this we get,
Thereofore, ξ n = Eξ m . Hence, ξ n (s) = E(s, :)ξ m implies ξ m = E(s, :) −1 ξ n (s), and
Plotting Polynomials in the Dual Bases
Since dual bases D m are bases for the subspace Y , and function in Y can be represented by this basis. In particular, in the Berntstein setup above, any polynomial p ∈ S m can be represented as p = D m α for some α ∈ R n+1 . And so, this basis can be used in computation with functions in this polynomial space. Now, since D m = B m A with A = E(s, :) −1 , we can write p = B m (Aα). Hence, one can transform the coefficients α by the matrix A, and then use B-form techniques in computation. In particular, to plot the curves, one can use DeCasteljau's algortihm on the control polygon with points ( This is depicted in Figure 5 .1. The control polygon for the coefficients α is displayed in solid broken line and the transformed control polygon is dashed. 
Symmetric Bernstein Class of Dual Bases
As shown in the previous section, for Bernstein functionals the matrix E(s, :) = Λ(s) nT B m is invertible for any selection map s, and we can therefore find dual bases for any selection map. Moreover, these bases are affine. In this section we will use this idea to produce a certain "symmetric" class of bases, and show that these converge to the Lagrange polynomial basis. We also provide an estimate for the rate of convergence. To get the most general result, we extend the Bernstein functional to allow k = x to be any real number:
Here, the factorials in the binomial coefficients will involve the gamma function when x is a noninteger. The functionals reduce to the above formulation when k := x is a non-negative integer with k ≤ n. For the following, we use the falling factorial notation
Lemma 6.1. For x ∈ R and j ≥ 0,
with (·)! := Γ(· + 1) for non-integer factorials.
Proof. By the well-known property Γ(z + 1) = zΓ(z), we get that
Proposition 6.2. Let x ∈ R and p ∈ $ m for some m. The dual functionals converge to point evaluation in the following sense lim
In particular, with n = mk and x = i m , In figure 6 .1, we display the dual bases for various degree polynomial spaces and level of refinement to illustrate convergence to the Lagrange basis. 
Rate of Convergence of Symmetric Configuration to Lagrange Interpolation
In this section we determine the rate of convergence for this symmetric configuration to Lagrange interpolation, which moreover provides an alternate proof or convergence to Lagrange interpolation. Recall that D Lemma 7.1. For h small:
Proof. Part (2) follows by a Maclaurin's expansion. For (1), there are n−ℓ+1 terms. On expanding in powers of h, we have
as k → ∞, with
Proof. The Lagrange basis is dual to the point evaluation map ∆ :
We also have A
) with E the degree elevation matrix. Hence,
It is easily checked that this vanishes for i = 0 or i = m (provided k > 0). Hence, we only need to consider 0 < i < m. In this case, ik > j and mk − m ≥ ik − j for k ≥ m, which, since k → ∞, we can assume as well. Factoring out m j , we can rewrite the second term as
By Lemma 7.1, when j > 0, we have
Multiplying these two terms together and by m j
gives us, when 0 < j < m,
. Putting this all together, we get:
−1 the dual basis for the symmetric configuration given in the previous section.
Then,
Since, as we proved in the previous section, that D m,k converges to the Lagrange basis L m , we know that A k → A. Hence, lim sup k ||A k || ∞ || | |A ∞ . We also know that
In particular, for α = e i the standard unit vector with 1 in the i-th slot, we get
Basis Transformations for Symmetric Class
Recall that for the symmetric configuration introduced in the previous section the dual basis is represented in terms of the Bernstein basis D m,k = B m A m,k for some m×m matrices A m,k . It seems rather challenging to explicitly characterize all these transformation matrices for arbitrary m and k, however, for the convenience of the reader we'll list out the first several here. To make things more compact, we define the following notation: km := k − m, nkm := nk − m, pk 2 nkm = pk 2 − nk + m, and qk 3 pk 2 nkm = qk 3 − pk 2 + nk − m.
In particular, for m = 2 and k = 2 : 5: 
In this section we derive some approximation results for our dual basis functions, similar to what is done in [7] in the multivariate setting. To do so, we will redefine the Bernstein basis and dual functionals over a general interval.
• Let B n with
be the Bernstein basis over [a, b] , with dual functionals
Hence, Λ nT B n = I.
• Let D m be the basis for $ m dual to Λ n (s) for some selection s. That is, Lemma 9.1.Λ n is dual to B n .
Proof.
Proof. For the upper bound:
For the lower bound, note that
and so
m || ∞ ||p|| [0, 1] . Since A −1 = E(s, :) is row-affine, ||A −1 || ∞ = 1, and so we get 1 ||M −1 m || ∞ ||α|| ∞ ≤ ||p|| [0, 1] .
For this we recall from Proposition 3.6 that the dual basis is unaffected by which map is used. Hence, we restate this fact in the following lemma: Lemma 9.3. Suppose that data maps Λ n andΛ n are both dual to the basis B n for $ n . Then, these data maps are equivalent on $ n , and dual bases D m of $ m for m < n are identical for both maps. Proof. Linearity is immediate from Q s (αf + βg) = D mΛn (s) T (αf + βg) = αD mΛn (s) T f + βD mΛn (s) T g = αQ s f + βQ s g, and idempotency follows from 
